5) x = 0.5; 6) x = 0.55; 7) x = 0.65], while the velocity distribution in the jet part of the
wall jet (not presented in the article) retains the form of the velocity profile of that part
of the jet in the mixing zone which turns into the cavity after hitting the back wall (below
the line y = 0), i.e., exactly the same pattern as in a square cavity (Fig. 3 of [3]) is
observed.
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FLOW OF A LIQUID FILM OVER THE INNER SURFACE
OF A ROTATING CYLINDER

Yu. V. Martynov UDC 532,516

1. The dimensionless equations of motion and continuity and the boundary conditlons in
a coordinate system y, z, @ (where z = z° is the axial coordlnate, ¢ = @ s y=R~— r s the
origin is located on the joint between semiinfinite tubes, z%, r°, ¢°is a cyllndrlcal coordi-
nate system) rotating about the axis of symmetry of a cylinder with the angular velocity of
rotation of the upper semiinfinite tube have the form [1, 2]

v, - av, v2 v 9% 1 v v (1.1
y Yy =L Y Y- LY ¥ *
8("” vt +n+y)+2v6 +E[ay2 T T (n+y)2]”

6 avg v, Vg ) Bzz;e ‘92”6 1 ave vy .
Uyl Wy =E|—2 4 —2 -0 9
S(I)y 6!/ + z az + 7I+y + Y ayz + 622 T]+y ay (T]—I—y)z %
v, ov, ap z?r“’vZ ‘02122 { 0Oy, 1
a(vuay ) == Bt aF ntvoy) T
dv v, v

—a—z--l—ﬁﬁ-n_l_y:oﬂ Uy = — Uy;

y=0,2<<0, v, =rv,=1vy =0, _ (1.2)
z2>0, v, =v,=0, vp = on; ‘
.y=h(z) (%+"1‘2)(1+h2)+4h2‘3@=0
* \dy 0z z oy K (1.3)

ov
y 2 Y 2 9 2y
ZE 2(1—hz)— Ehz(ay + 3y) m+ R lh 4 (14 1) he] (1 + R3)

=p (1 + hz)z vy = heUzy 5”9/3!/ + vo/(n + y) =

Boundary conditions as z ~+ +° will be described below. The problem of Egs. (1.1)-(1.3)
is reduced to dimensionless form by replacement of the variables r, v, @, p by their
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normalized values rth', vU', Qlk, p'Q'.U'h'p. The dimensioned values are denoted with primes
as follows:

B o= @QVIgW3, Q =Q2nR, n=R'IN,
U'=Q/n =0Q (BQV/g) 1, v=0/U" (A=y,z,0),
p={p" —p)/(PQU'K), h=PN @)W,

m=m/§2'h Q=14+ o,

where E = v'/Qih'? is the Eckman number, ¢ = U'/Q!h' is the Rossby number, Fr = QlU'/g' is

(1.4)

the Froud number, o = ¢'/(p'U'Qlh); o' is the surface temsion coefficient; Vg, Vz, Vy are
the velocity components along the axes 6, z, y, Qi is the angular velocity of the upper

\i
semiinfinite tubg, w is the distance between the angular velocities of the upper tube 2, and
the lower tube 2, po' is the pressure in the gas phase, v'! is the kinematic viscosity, g’
is the gravitational constant, Qo is the liquid flow rate.

Boundary conditions (1.2) describe adhesion on the walls of the upper and lower tubes.

Boundary conditions (1.3) equate the tangent stress on the film surface to zero and the nor-
mal stress to the pressure of the gas phase. Conditions (1.3) are written with consideration
of the curvature of the film surface.

We will study the case in which inertial forces (except the Coriolis force) may be
neglected, i.e., the case 1n which the following expressions are satisfied: ¢/E << 1, Fr~*/E

~0{), E ~ 0(1). Substituting Eq. (1.4) in these equations, we obtain

eE = QNN <1, Fr~YE = 3 ~ O(1),

1.5) .
E=v(Q)7@0V/gy ™ ~0). (1-3)

If conditions (1.5) are satisfied, then all terms in Eq. (1.1) (except inertial ones)
are of the same magnitude, so that for the last expression to be satisfied it i1s necessary
that Q1 ~ v' (3Q'v'/g)"2/3, since Q'/v' << 1, while g' = 10® cm®/sec, so that Q! >> 1. A

detailed analysis of the forces produced by liquid motion in rotating channels is presented in

[1].

We will consider the case in which the difference between the angular velocities of the
tubes is small, i.e., w << 1. We relatethe small parameter € to wbt the expression w= eQo (2 =
Q6/Q1), Qo ~ 0(1). We will consider flow in a tube the radius of which n -~ 0(8_1/2). For
convenience in evaluating the terms of Eq. (1.1) we introduce the new parameter R = El/zn.

In this case Eq. (1.2) takes on the form
y =0, 2>0, vy = e2QR.

To solve the problem of Egs. (1.1)~(1.3) it is necessary to find the velocity profiles
and pressure distribution as z + t+~. To do this we consider separately the flows in region
I, located infinitely (z # —=) up the flow, and in region II, located infinitely (z + +w)
down the flow.

2. 1In regions I and II the flow is independent of z (derivatives with respect to z are
equal to zero, there is no radial flow, film thickness is constant). Moreover, since one
and the same force acts in the axial plane in regions I and II, the profiles of the axial
velocity component and liquid film thickness are identical. 1In regions I and II the problem
of Eqs. (1.1)-(1l.3) reduces to the form

D) L T f’i‘l_e_lf%_?e_s_o
8= T %y e T T Ry T g (2.1
_op g T2 1
az ay? R oy Fr =
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y=0 v =v,=v,=0; (2.2)
y=0, v, =0, =0, yy=e'/2RQy; (2.3)
y =1, dv/dy + ve!?R = 0, dv,Jdy = 0, ae/R* + p =0. (2.4)
Here condition (2.2) is written for region I, and condition (2.3) for region II. We will

seek a solution of the problems of Egqs. (2.1), (2.2), (2.4) and Eqs. (2.1), (2.3), (2.4) in

the form
v, =1} + eV + P + v (M=12,0), 2.5)
p =¥+ 2D 4 ep® 4

Substituting Eq. (2.5) in Eqs. (2.1)-(2.4), we find the solution of the problem in
regions I and II:

1 2 1 £ 7 y).
'”z——‘F‘r_(—T+y)+EI’ZREFr(—T.JFT——z" (2.6)

p=0,v,=0, k=1 - (2.7)
p = 28/%y — 1)Q, — 2e[Quy? — 1)/2 — a/R?),
vy = eV2RQ, — eyQ,, h = 1.

(2.8)

Thus, the solution in region I has the form of Egs. (2.6), (2.7), while the solution in
region II is given by Eqs. (2.6), (2.8). Consequently, the solutions of (1.1)-(1.3) for the
tube junction region must tend to Eqs. (2.6), (2.7) as z > —, and to Egqs. (2.6), (2.8) as
Z > 4o, .

3. We will consider thesolution inthe junction region. We will seek a solution of Eqgs.
(1.1)-(1.3), (2.6), (2.8) in the form

v=0 + a2+ e 4 ... (A=y,20), (3.1)
p = p© 4 el2p) L ep® + ..., b =1+ el/2hM) 4+ eh® + .,

Substituting Eq. (3.1) in Eqs. (1.1)-(1.3), (2.6), (2.8), we obtain

. 2 2 (3.2)
21)(0) _ ap® ny 6209) 4 621;5/0) 9 = (6 v(eo) n 7 v(eo))
© T T Ty o | e )0 Y oy” o2 )
2,,(0) .
op(® 820 v 1
0=—2L El—+— )+ v
0z ay? 9z Fr
(0) (0)
f?i + 94y =0
0z ﬁy J !
y=0, v{"=v" =0’ =0; (3.3)
. ov av(® a0 oo }
Yy _ Y z 0 -
y=1, 2E0_y_p(0)’ 2z +_§;— ' Ty = 0; (3.4)
. 1 2 :
z—>+ o0, 1’0, v§°)—>m(—-—”2—+y),~, v’ — 0. (3.5)

2
By writing the axial velocity in the form vz=%(—y7+y) +V, we reduce the equations

and boundary conditions (3.2)-(3.5) to homogeneous equations and boundary conditions for the
functions p(°) s Vi, V}(r°) s véo) . The solutionsof theseequations withthe boundaryconditions found
are identically equal to zero. Thus, the solution of Egs. (3.2)-(3.5) has the form

(3.6)

2
(0) 1 ¥y (0) __ ,40) _ (0 _
ve =m(———2—+y), v =vy =p" =0

We will now find the first approximation. Since ¢ appears implicitly in the argument of the
zeroth approximation function in the boundary conditions at y = 1, it is necessary, according
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to [3, 4], first to expand the zeroth approximation function in a Taylor series near y = 1.
Then Eqs. (1.1)-(1.3) take on the form

5p(1) FEmey 523(1)
2”5”=_W+E ayﬁ +—5f;— ) (3.7)
Pkl o
28 = E | ——
Y ay ,+ 922 |?
2,(1) 2,,(1)
. 0’p(1) [ 0%, v} 1,
O=—"Gr+Elsrt5r) v+
(1) (1)
6‘vy vy, —o:

3y + 4z
y — 01, z< O (1) (1) (el) — 0,;

3.8
z2>0, v,(l) = vf;l) 0, v’ =Q,R; (3.8)
(1) 0 av(o) FEUAW
WY @, 2 _
y=11: 2E( 3y +h Eﬁ")"‘“hu h: (8z + Y ) = (3.9)
FAPNY 20 520 :
w ﬁp(‘” T, 9y W (7 w 9% _ .
=P+ RS Gtk 62+6zay + 4k y*O’
@ o _, - w 4 () 3.10
Sz —o0, vy >0, vy >0, v zpEr —T+—2'——2-, (3.10)
g 5 1 v 98
. A e 31 (3.11)

After substitution of Eq. (3.6) in boundary conditions (3.9) the latter take on the
form

a 1;%1)

_ @y 1
y="1 5y =0 wl=h g (3.12)
) : RE B OX A ¢
9F Tyy_ 4 O(.hg_)' = pv, 69;_ + _ﬁ + ALY (__ —ETF_) 0.

We will now reduce system (3.7) to a single equation in sixth order partial derivatives
for the radial velocity components.

After transformations we obtain

PLe)) 53 a,v 2 2
v (1) a ) v 9§ a* (3.13)
4 = { AAU,,, +(a 3+—0y6Z2)A———ay }, A_£2'+az2‘

Performing a Fourier transform [5] on Eq. (3.13), we obtain

6 4
T e (3.14)
1

-Vy= j ) (z, y) exp (izk) dz;,

3.15
Vy=Cpe™ + Ce™ 1 C, e°°3” + C 8™ 4~ C ¥ 4 Ce™, ( )

oy = £ [B2— (2B PPV,
gy = {282 + (QE-12E)PP + V8EIRE-PE)RF — 3(2E-1/2E)43)/2,
Cgyg = -4{\.2§2 + (2E-12E)2® 4 V SER2E-PE)H® — (2E-1/2§)4/3}/2.
The constants Ci (1 = 1, 6) are found from boundary conditions (3.8), (3.10)-(3.12). We

write the axial and azimuthal velocity and pressure components in the form

(1)__ 1 y3 ] 2 ) .
vt —E——Frﬂ(~—6-+—!’2——~g— + Viy v =05+ 06y PO =py+ B

where 8o = 0, if z < 05 6o = 2Q0R, if 2z > 03 9, =0, if z < 0; ¢ = R(y — 1)Qo, if z > O.

Substituting these values in boundary conditions (3.8), (3.10), (3.12) and performing a Fourier
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transform, we obtain

dpy a2 \
2Ve:_;;y+E(7y-; —&v, | =0,

y=1, Vy=(—i&)H/(2EFr), 2EdV,/dy— af’H = py,
BV, 1 &V, /dy? + EH/E Fr) = 0,
dVy d%p, d (d
W= B e =0

H= f B® (z) eit2dz, p, = Sp* eitz dz,

We will now eliminate p, and H from system (3.16). From the second equation of system (3.7),
with consideration of the fact that dp(l)/dz = dp*/dz + 28(2)0R (8(z) is a delta-functiomn),
and the third equation of system (3.16), it follows that
' 2R g (d%,
et (3

Substituting Eqs. (3.17), (3.15) in system (3.16), we obtain a system of algebraic equations
the solution of which has the form .

__g2d—;§), H = 2E FrV,/(—if). (3.17)

2Q R (A — B'
_E_%é_ {(I) l:(W3A4 + W4) (Bs_“ AZ

4

)

)
4,— B, 1 )
+ 3 2, (WA, + W)+ Wadg + Wy, Cy= DCy,

Cy= (45 — By)Cs/(By — 44) + (As — Be)Co/(Bs — A,
Cy = A0, + ACy + Al
Cy = {(@1 — ag)Cs + (o — )0y + (0 — a5)C5 +
+ (g — ag) Co} (@a — )™ €1 = —C, — C3 — Cy — Cy — C,
Bi=— ([ + oy — 2) 6”2 — (B + o, — 2) €*1] (ot — ;) (g — o) "
b — 2)6% — (8 oy — 2) e} [[(B 4 ap — 2) % —

C, — (3.18)

+ Wad, -+ Ws} +

— (4 a;—2) 9“1] (oy — o) (Gt — &))" + (B2 + oy — 2)e™8 — (8% + o, — 2)e™1] 7,
A= [(ch - O‘i) (s — ay) (@ — “1)_1 + af— “;‘1] [05:? —op + (“3 - O‘%) (0 — ag) (g — a1)]71r

D;= {[(O‘g — §4a2) 02 — (oci — 54“1) eall (ot — &) (dz — o)t +
+ (o] — o) €t — (o — Eloy) 0™ {(of — Blary) 6% — (0] — Edoy;) 1] +
-+ [(O‘g — 54“2) 8”2 — (“i - 54“1) eal] (o8 — oty) (02 — a)y M, Q= 3,4,5,64

Wi = [(Boty — g/ — 2i0E Fr)e™ — (3a; — o,/ — 2k Fr) e*1]

X (0t — @) (ag — a) + (3o — &3/E — 20,5 Fr) %t — (3o, — @, /8% — 2aiE Fr)e™, i=3,4,5,6,
D= — (4 — Dg)/(Dy — 4y) + (45— Be)/ (B, — 4,)
(As—Ds)/(D4—A4) - (As_ Bs)/(B4 —4,) )

(;) . (2) i

Using a reverse Fourier transform, we find v . h(l)()\ =y, z, 8), with consideration

of the fact that the expression /s should be understood as a unique function which coincides

with the arithmetic value of the root along the positive real semiaxis on the upper edge of
1 1 1

the section. The distribution of the functions V(y), V(z)’ R(l), v(e) which define the re-

verse Fourier transform

400

1 ,
0(z,y)= prn .Y e~?g (y,5)ds, s=IiE,

—io0

(3.19)
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have different forms in the regions z < 0 and z > Q.
4. Trom analysis of the behavior of the integrand of Eq. (3.19) we find that at z < 0

1/2

3 2 2 . N
o y—= S (¥ ¥ Y 1 y MIR (Y), 4.1
UZ(Z"'y)__EFrR( 5 T3 *T)+E‘Tr(_—2"+y)+8mn§1hen » O (-1

N
vy (2,y) = &'/2 21 eA"ZTnR% ¥):

N
ve (2,y) = &2 3} Tphe* R} (y) + 0,,
n=1

N .
Biz) =1—eV2 3 Te"R,(1),.
n=1
6
R (y) = 2 Coe™ 0y () Hy (ha),

RY(y z Cre™ *VH | (L),

= kE (0f () + A8) Coe™ PV H, (M),

T, =—A' (0H/8z):2s, 4
Hy = (W34, — WiA) [(438 — B5A) @ + (A58 — BiA) @y,
A: = AiAi B: = Biat D: = Die'r,
= (Aza — BiA) (DiA — A7) — (458 — DeA) (BiA — 4,8), Wi=Wi,
= (430 — D;A) (BA — 438) — (436 — B;A) (DA — A;6),
(“3 — 0y) (0t — Oly) [(O‘a + o) (g + o) — (0‘2 + @) (“2 + 0‘1)]
) T = 2% (0 — )y

= [(O‘g - x4“2) e”2 — (O‘i — $4°‘1) eal] (oy — %)+ [(oc3 - 9540‘3) ™ — (ocf - 3340‘1) eal] (ot — 0y)y

8= (a2 — oty + 2) 0™ (0 — ) + (& -+ g — 2) € (g — B) — (2 — 0y — 2) €1 (o, — ),

Hiy () = (W54; — WA ) [7 (458 — BiA) + (438 — BiA) @] + (BiA
— A38) [(W3 45 — WiA) D" + @y (W45 — WeA)], o0 =
S [xg . (2xE_1/2)2/3]1/2,
oy, 4 = {227 + (22E /%) £ [82%(2zE Y223 - 3(2zE-L2AP1/2Y/2,
05 = — {222 + (2zE-1%?® £ [8222zE—Y/*)*F — 3Q2zE/A*F1'*}/2.
Here Wi, Ai’ Bi’ Ci’ Di (1 =23, 4, 5, 6) are specified by Eq. (3.18), and the expressions
f(kn) indicate that in place of x we must substitute in the expressions the roots kn of the
equations H(kn) =0, n=1, 2, 3, ... . Similarly, it follows from Eqs. (3.18), (3.19) that

at z > 0 the functions v, Vy’ v h are defined by Eq. (4.1) in which the functions oci(i =

e H
1, ..., 6) are replaced by the functions
} '051, s = +[—2? _{_ (zE-1/22 312,
Oy = [—22% — 22E P £ V' 82222E~ )1 — 3(2zE-Y/2)%3)/2,
g = — [—2a2 — 2zE® V8x2(2x5-?/2)2/3 — 3(2zERM12.

The functions H and roots Xn change correspondingly. Equations (4.1), (4.2), (3.18) de-

fine the amalytical solution of the problem of velocity field distribution and form of the
free surface of the liquid £film.
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5. Equations (4.1), (4.2), (3.18) were used to calculate numerically the flow of a
liquid film on the inner surface of a rotating cylinder for the case where Fr = 0.6, E = 0.3,
R=5, a=7,3, and Qo takes on various values. Initially the roots An of the function H were

found for the region z < 0 as well as the roots of the corresponding functions for the region
z > 0. The roots were found by Mueller's iteration method for solutions of high order alge-
braic equations [6]. After the roots were found the complex expressions (4.1), (4.2) were
calculated numerically and their real components separated. '

Figure 1 shows the change in film thickness along the z axis for two values of Qo: Curve
1 corresponds to Q¢ = 2, 2, Qo = 0.5. As is evident from Fig. 1, the film thickness increases
rapidly in the region z < O near zero, forming a peak, then decreases abruptly, with a shallow
depression appearing in the region z > 0. Formation of the peak is related to the fact that
the pressure in the liquid is different at z < 0 and z > 0, according to Eqs. (2.7), (2.8),
i.e., in the liquid near the cylinder surface at the point z = 0 there are pressure discon-
tinuities, caused by the differing rotation velocities of the cylinders., If the angular
velocity of rotation of the lower cylinder is greater than that of the upper, (2 > Q1, Qo >

0), then the pressure as z > +0 will be higher than as z + —0, i.e., at the junction there
appears an additional force which will hinder liquid motion, leading to formation of the peak.
The greater the discontinuity in angular velocity, the higher will be the pressure gradient,
and thehigher will be the peak height, which agrees with the calculation presented in Fig. 1.
In the region z > 0 there is some acceleration of the liquid flow which leads, as follows from
Fig. 1, to formation of a shallow depression. The peak and depression are found only on a
small segment of the z axis of the order of one or two film thicknesses extending in both
directions from the plane z = 0, while at other points the surface is practically undisturbed,
since the pressure gradient is nonzero only near z = 0. Film thicknesses far from the plane

z = 0 are identical, since in those regions the flow is determined solely by gravitational
and viscosity forces which dre identical.

The pressure distribution also has a sharp peak in the region z = 0 near the line divid-
ing the tubes. It should be noted that such a form of pressure change has been observed in
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cases of other types of abrupt change in boundary conditions, for example, in flow around an
isolated projection [7].

Figure 2 shows the distribution along the y axis of the third velocity term in Eq. (4.1)
at Qo = 2 and z = —1.62, —0.42, 0.42, 1.62 (curves 1-4). It is evident from Fig. 2 that in
the region z < 0 (Qo = 2) we must subtract from the axial velocity distribution defined by
the first two terms of Eq. (4.1) a correction specified by the third term of Eq. (4.1). From
this it follows that the axial velocities, according to Fig. 3, will decrease as z +~ —0 in
the range from yv = 0 to 0.9, while in the range 0.9 << y<C 1 they will be somewhat higher than
the velocities in this range at infinity. As a whole, the flow slows down, and a peak is
formed at z < 0, which agrees with Fig. 1. At z > 0 the values of the correction V, to the
axial velocity are greater than zero from 0<Cy << 0.4, while at 0.4 <X y < 0.72 consideration
of the correction leads to retardation of the flow, while at 0.72<C y<{ 1 the correction is
again positive. As is evident from Fig. 2, on the whole consideration of the third term in
Eq. (4.1) leads to acceleration of the flow, which agrees with Fig. 1.

Figure 3 presents the distribution of the azimuthal component of the velocity along the
y axis at Qo = 2 and at z = —1.62, —0.42, —0.02, 0.82, 1.62 (curves 1-5 respectively). It
is evident from Fig. 3 that with increase in z (in the region z < Q) there is a continual in-
crease in azimuthal velocity. Viscous stresses developed due to. the difference in angular
velocities of the semiinfinite tubes are transmitted up the flow and lead to azimuthal motion
of the liquid in the range z > 0 near the junction. The presence of an immobile wall in the
region z < 0 (the wall is immobile in the rotating coordinate system) hinders rotation of the
liquid. Therefore the azimuthal velocity decreases upon approach. to the cylinder wall., In
the region z > 0 the liquid rotation velocity must coincide with the velocity of rotation of
the semiinfinite tube; therefore with growth in z equalization of azimuthal velocity compo-
nents along the layer thickness occurs, in agreement with Fig. 3.

It should be noted that the effect of "inhibiting" the flow (formation of regions of
closed circulation) often found in flows like those considered here (formation of a peak on
the free surface) is also found in flow of a liquid within a tube consisting of two closely
joined tubes rotating with different angular velocities [8], as well as in the limiting case
where one tube is at rest and the other rotates [9]. Closed circulation zones are also
formed in rotating channels of variable section [10].
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